Introduction.
This paper considers the problem of giving a topology to a homeomorphism group. This problem was considered by Arens [l ](2) for a group of homeomorphisms of a locally compact space. The present paper attempts to obtain similar results for arbitrary completely regular spaces. All spaces hereafter will be taken as Hausdorff spaces.
The numbers here refer to sections. In (2) we give a (usually) nontrivial topology for an arbitrary homeomorphism group of any completely regular space. Since the convergence notion used is that of uniform convergence, the topology is easily seen to be admissible in the sense of Arens [l] . In (3) we restrict our considerations to transitive homeomorphism groups. We define a "reasonable" topology for the group to be one which makes the space homeomorphic to the space of cosets of the group modulo that subgroup leaving some particular element fixed. We develop some of the properties of reasonability.
In (4) we present a sufficient condition (Definition 4.1) for a space to possess a homeomorphism group with a reasonable topology, and show that certain well known spaces, in particular the manifolds, possess this property. In (5) we give two examples. The first shows that the sufficient condition is not a necessary condition. The second shows, however, that some further condition is necessary.
This latter example has some interesting connectivity properties in its own right.
Homeomorphism
groups of completely regular spaces. The main theorem of this section is Theorem 2.2 which makes any group of homeomorphisms of a completely regular space into a topological group under a topology induced by a notion of uniform convergence. This theorem follows rather trivially from the following. Theorem 2.1. ///", aEA, is a directed set of homeomorphisms which are uniformly convergent to some homeomorphism f, and iff-1 is uniformly continuous, then /a"1 converges uniformly to f~l.
Proof. We shall denote by German capitals the basic neighborhoods of the diagonal which we shall assume to be symmetric. The proof will be based on the following lemma.
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Lemma. For every U there exists a 33 and an a(]\) such that for a>a(U) and (x, y) E 33 we have (/a_Ix, fä^EU.
Proof. By the uniform continuity of /_1 there exists, for each It, a SB such that (x, y)GSB implies that (f^x, f-^EU.
Take now 333C33 and take a(VL) large enough so that a>a(VL) implies that (fax, /x)£33 for all x. Now notice that (x, y)GS3 implies that (fj^x, faf^E®. But (ff~]y, faf;ly) and (A/71*,//;1*) are both in S3 and thus (ffä'xJfä^E^S. Therefore (f¿lx,f;ly)
EVL by an application of/-1, and the lemma is proved.
To complete the proof of the theorem let It be given. Find 33 and a0 as in the lemma. Let di be such that, for a>ai, (fax, /x)£23. Let a2 be larger than both a0 and ai. Then for a>a2 and arbitrary z=/x we have (fax,fx) G S3. Thus (x, fä1fx)EVL from the lemma, and this pair is precisely (/_1z, fa~1z). Thus the convergence is uniform.
Using the above theorem we have immediately the following theorem. Theorem 2.2. If X possesses a uniform structure under which every element of some homeomorphism group G is uniformly continuous, then G is a topological group relative to the uniform convergence notion induced by the uniformity.
If G is a homeomorphism
group and x is a point in the space, we denote by Cx the subgroup of G having x as a fixed point. It is well known that there is a natural mapping in:G/Cx-*0(x) where 0(x) is the orbit of x under G. One easily sees that rj is 1-1 and is continuous whenever the G topology is finer than the point open topology (in particular, if the G topology is generated by a uniform structure on X). We might also remark that the uniform topology on G is admissible in the sense of Arens. 3. Reasonable homeomorphism groups. We shall now define, for the special case in which the group is transitive, a "reasonable" topology. Let G be transitive on X, Cx defined as above, then : Definition 3.1. G has a reasonable topology over X if G is a topological group under this topology, and the coset space G/Cx (left cosets for definiteness) is homeomorphic to X under the map r¡:G/Cx->X defined by r¡(gCx) = g(x).
An immediate result of this is that Cx is a closed subgroup of G since X is a space in which points are closed. Furthermore X is Hausdorff since a topological group manages to pass this property along to its coset spaces. The following theorem shows that X is also completely regular. I present it in detail because I shall need the explicit construction of the uniform structure in order to prove several useful corollaries.
Theorem 3.1. If G is a topological group and F a closed subgroup of G, then G/F possesses a uniform structure agreeing with its topology and induced naturally by the uniform structure on G. In a similar fashion we easily show that this uniform structure actually agrees with the topology on G/F.
Corollary
1. If G is a reasonable group of homeomorphisms of X, then X possesses a uniform structure and is therefore completely regular.
2. The convergence of directed systems in G implies the uniform convergence of those same directed systems relative to the induced uniformity as described in the theorem. (Here elements of G are treated as homeomorphisms of G/F.) Corollary 3. Every gin G, considered as an operator on G/F, is uniformly continuous with respect to the induced uniform structure.
The proofs of the above corollaries are rather trivial and will be omitted. As an example of a space which possesses a transitive homeomorphism group with no reasonable topology we take the plane. Let basic neighborhoods of the point (x0, y0) be all sets of the form :
Ne(xo, yo) = \(x, y)\ Xo < x < Xo + e; yo -e < y < yo + e]\J (xo, yo).
The Euclidean translations are evidently homeomorphisms so that X is homogeneous.
One easily sees that X is not completely regular. In fact X is not even regular since the point (0, 0) and the closed set [(x, y)|x = 0; y^O] can not be separated by open sets. Theorem 3.2. Suppose Ti and P2 are topologies on G such that G (Pi) is finer than G(T2) which is in turn finer than the point-open topology. Then if G (Pi) is reasonable over X, G(T2) must also be reasonable over X.
Proof. The continuity of the identity map from G (Pi) to G(T2) induces a continuous identity map between the corresponding coset spaces. But the continuity of the inverse is merely the continuity of rj which has been previously established.
We shall further note for later use that for fixed x0 the map ir of G in the point-open topology onto X defined by 7r(g) =g(x0) must be open if G possesses a reasonable topology over X. We may now state the following theorem which enables us to restrict our search for a reasonable topology to those topologies which are generated by a notion of uniform convergence. Theorem 3.3. If G is reasonable over X, then there exists a uniform structure agreeing with the topology of X so that if G is given this uniform topology, then G is still reasonable over X.
Proof. This follows immediately from Corollaries 2 and 3 of 3.1, and Theorems 2.2 and 3.2.
4. Strong local homogeneity.
We have seen several necessary conditions for G to be reasonable over X, but as yet no sufficient conditions. I propose the following sufficient condition. In addition I think that it has some interest in its own right. We shall immediately prove the theorem which justifies this definition.
Theorem 4.1. Suppose G is the full homeomorphism group of an S.L.H., completely regular space X, and suppose G is transitive. Then G is reasonable over X under any topology induced by a uniform structure on X.
Proof. 7]\G/CX-^X is already known to be continuous, and 1-1. Hence we need only show openness. For U(e) any neighborhood of the identity we let, in X, V2EU and let N be an S.L.H. neighborhood of x contained in V(x).
We shall see that U(e) maps onto N. We shall now examine certain spaces and show that they are completely regular, S.L.H., and homogeneous, which will imply that they possess reasonable homeomorphism groups and can be represented as coset spaces of some topological group. We easily see that the following inequalities hold.
(1 + ||*o||)||* -y|| ^ ||r(*) -r(y)|| ¡S (1 -||*,||)||* -y||.
These immediately imply that P is a homeomorphism, and one sees also that T is the identity on the boundary and exterior of the unit sphere, and takes the zero into x0.
1. If X is locally Euclidean and Hausdorff, then X is S.L.H. Corollary 2. Every manifold possesses a reasonable homeomorphism group; i.e., every manifold may be represented as a coset space of some topological group by some suitable subgroup.
5. Two examples. Our first example will show that S.L.H. is much too strong a requirement.
We shall give a space which is homogeneous, completely regular, and with a reasonable homeomorphism group, but which is not S.L.H.
In particular let C be the Cantor set and let S1 be the 1-dimensional circle. The Cartesian product of two homogeneous spaces is also homogeneous, and these spaces are easily seen to be homogeneous. Furthermore the product space is compact and hence is completely regular and possesses a unique uniform structure. We shall therefore assume it to be imbedded on the surface of a right circular cylinder in Euclidean 3-space with the metric topology. The space is evidently not S.L.H. since in order to move x to a neighboring point on a different circle requires moving the whole circle. But it is easily seen that for d(x, z) <e there exists a homeomorphism g taking x into z which is uniformly within e of the identity. Hence the full homeomorphism group of CXS1 possesses a reasonable topology.
The second example is not quite so simple. It is an example of a space which is completely regular and homogeneous with the property that no transitive homeomorphism group may be given a reasonable topology.
Definition 5.1. Let {an}, n = 0, ±1, ±2, • • • , be the class of all sequences of real numbers such that for each sequence there is an index n0 so that for n>n0 we havea" = 0 and for nSno wehavean>0. We shall topologize our space by prescribing e-neighborhoods of the points, for e>0, as follows:
bnENe(an) if and only if :
(1) For the n0 associated with an we have an = bn for all n<no.
(2) (E(ö»-M2)1/2<e. We should remark at this point that the map <f>k:X-^X defined by be the composite map defined by letting h-n operate on the -«th coordinate and using the identity map on those coordinates with positive indices. H is evidently 1-1 onto. Further since H~l is another map of the same type it suffices to show continuity in one direction. But if Ne(cn) is an arbitrary neighborhood then, if the associated «0 is larger than zero the image is merely another neighborhood of the same type, and if less than zero, only those coordinates between n0 and zero get altered in such a manner as to affect the neighborhood as defined. Since there are only a finite number of them we have essentially a homeomorphism of a finitedimensional Euclidean space defined by coordinatewise homeomorphisms. Hence H is the desired homeomorphism.
Part II. Complete regularity. Inside U(an) we find Ne(an) and define a function by:
". , (E («n -W2
f(h) = ---for bnE Ne, and that the image of point 1 is contained in Si. However, the homeomorphic image of an arc is again an arc, with the transform of point 1 corresponding to some t between zero and one. Since the arc is connected, there must be a t' value between 0 and / and a /" between t and 1 both of which correspond to the removed point. This contradicts 1-1-ness of the homeomorphism.
We complete the proof of Part III by noting that the image under xi of the point-open neighborhood described in Lemma 3 is not an open set, but merely an arc. This completes the counterexample when we apply the necessary condition for reasonability given at the end of §3.
This construction in the second example has some interest in its own right. If we restrict our consideration to one of the subspaces C[a"] we can easily see that it is arcwise connected, locally arcwise connected, and 1-dimensional. However the removal of any single point decomposes the space into precisely three components.
One can extend the construction, although one has to drop the useful "metric" neighborhoods, so as to get a space with the property that the removal of any single point disjoints it into exactly n distinct components, for quite arbitrary integers n.
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